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LECTURE

Line integrals Il

29.1 Integrating vector fields along curves
Let a curve be parameterized by r() = x(£)i + y(z) j, then,
dr=dxi+dyj.

Therefore, for a vector field F(x, y) = f(x, )i + g(x, )]

/f(x,y)dx+g(x,y)dy:/(f(x,y)f+g(x,y)jh)o(dxf+dyf)=/F-dr.
c c c

Definition 29.1. IfF is a continuous vector field and C is a smooth oriented curve then

the line integral of F along C is / F-dr. If the curve is parameterized by r(t) = x(t)i +
C

y(0)], andF(x,y) = f(x(0), y(O)i + gx(1), y(1)]. Then,

/F-dr:/F(r(t)-r'(t)dt.
C C

Example 29.1. Evaluate / F-dr whereF(x, y) = cos xi+sin x j and where C is the given
C
oriented curve

C:r(t)=—gf+tf (1<r<2) and C:r(=ti+2] (-1=<t<2)
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~

Figure 29.1: Left:C : r(z) = —gi+ tj (1<t<2).Right: C:r(t)=ti+1?] (~1<t<2)

Solution.

2 2 2
/Edr:/ F(r(t))~r'(t)dt=/ (—j)~f=/ (-Ddt=-1.
C 1 1 1
/F-dr
C

2 2
/F(r(t))-r'(t)dt:/ (costi+sint))-(i+2t))dt
-1 -1

2 2

= /(cost+2tsint)dt:(—2tcost+3sint)|
-1 -1

—2cosl—4cos2+3(sinl +sin2) = 5.83629.

O

If ¢ is an arc length parameter i.e. r = s then T = r/(s) is the unit tangent vector
field along C. Then;

b b
/F-drz/ F(r(s))'r’(s)ds=/ F(r(s))~Tds=/F'Tds
C a a C

In other words, the integral of a vector field along a curve has the same value as the
integral of the tangential component of the vector field along the curve.

If 6 is the angle between F and T then F-T = |F||T|cos@. If F # 0 then the sign of
F-T will depend on the angle between the direction of F and the direction of C. It will
be 0if Fis normal to C, negative if it has opposite direction then C and positive if both
have the same direction.

F-T>0 F-T<0 F-T=0

Figure 29.2: Orientation of F with respect to C.
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Example 29.2. Evaluate/ F-dr whereF(x,y) = —yi + x] and where C is the oriented
C

curve (a)C:x2+y2=3 (0=x,y) and
b)) C:r(t)=ti+2t] O<t<1)

SIIIi
e

Figure 29.3: F(x,y) = —yi + xj. Left:C: x> +y*=3 (0 < x,y). Right: C:r(t) = ti +
2tj (O0<t<1)

29.1.1 Work done by a force

Definition 29.2 (Work done). Supposed that under the influence or a continuous force
field F a particle moves along a smooth curve C and that C is oriented in the direcion
of motion of the particle. Then the work performed by the force field on the particle is

/F-dr.
c

Example 29.3. Find the work done by the force field F(x,y) = x*i — xy] in moving a
particle along the quarter-circle r(t) = costi +sintj,0< t < 3

Solution. Since, x = cost and y =sin ¢, we have

F(r(t)) = cos® ti — cos tsin tf
and
r' (1) = —sinti +cost].

Therefore, the work done is

b

0 q
s

Figure 29.4: F(r(t)) = cos ti —cos tsintj.
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wi2 /2 2 /2
cos“ | 2
/F-dr:/ F(r(t)-r’(t)dt:/ (—2cos® tsint)dt =2 =—=
C 0 0 3 0 3

29.2 Fundamental theorem of Calculus

Definition 29.3. The parametric curve C in a line integral is called the path of integra-
tion.

Definition 29.4 (Conservative field). A force field isF called conservative if there exists
a scalar function ¢, called the potential, such that the

E(x,y) =Vo(x,y).

Theorem 29.5 (The fundamental theorem of line integrals).
Suppose that
F(x,y) = f(x, )i +gx, )]

is a conservative vector field in some open region D containing the points (xg, yo) and
(x1,y1) and that f(x,y) and g(x, y) are continuous in this region. If

F(x,y) =Vo(x,y)

and if C is any piecewise smooth parametric curve that starts at (xg, yo), ends at (x1, y1),
and lies in the region D, then

/ F(x,y)-dr = ¢(x1, y1) — p(x0, yo)
c
or, equivalently,

/ V- dr = p(x1,y1) — (X0, ¥o)
c

Proof. Suppose that C is given parametrically by x = x(?), y = y(¢), (a < t < b), so that
the initial and final points of the curve are

(X0, ¥0) = (x(a), y(@)) and (x1,y1) = (x(b), y(D)).
Since F(x, y) = V¢, it follows that

a(/)q a(b';
F » = = =
(x.5) 6xl+6y]
SO
d¢p o /b dpdx 0pdy
F(x,y)-dr = | —dx+——dy= bt 4
/C (X, y)-dr /Cax oy T ) \axar "oy ar

b d b
/aE[“”("(”’y(m]dt‘"’(x”)’y“”‘t:o
¢ (x(b), y(b) —d(x(a), y(a@) = p(x1, y1) — (X0, Yo)-
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29.2.1 Independence of path

The fundamental theorem of Calculus for line integrals points out that the value of a
line integral of a conservative vector field along a piecewise smooth path is indepen-
dent of the path, that is, the value of the integral depends on the endpoints and not
on the actual path C.

Accordingly for a line integral of conservative vector field F is given by

(x1,1) (x1,y1)
/ Fodr=/ Vo - dr = p(x1,y1) — P (x0, Yo)-
( (

X0,Y0) X0,Y0)

Example 29.4. Confirm that the force field
F(x,y) =yf+xf

is conservative by showing that F is the gradient of ¢(x,y) = xy. Use fundamental
1,1

theorem of line integrals to evaluate / F-dr.
(0,0)

Solution. We have

Therefore,

(L1
/ F-dr=¢(1,1)-¢0,00=1-0=1.
(0,0

29.3 Integration along closed path

Definition 29.6 (Connected sets).

We mean by a connected set D, that any two points in D can be joined by some piecewise
smooth curve that lies entirely in D. Informally, D is connected if it does not consist of
two or more separate pieces.

I @f D @
Figure 29.5: Connected (left) and not connectd (right).

Theorem 29.7. If f(x,y) and g(x, y) are continuous on some open connected region D
then the following statements are equivalent (all true or all false):
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1. B(x,y) = f(x,)i +g(x,¥)] is conservative vector field on the region D.

2. / F-dr = 0 for every piecewise smooth closed curve C in D.
C

3. / F-dr is independent of the path from any point P in D to any point Q in D for
C

every piecewise smooth curve C in D.

29.4 Test for conservative field

Definition 29.8 (Simply connected sets).

We say that a parametric curve is simple if it does not intersect itself between its
endpoints. A simple parametric curve may or may not be closed.

We say that a connected set S in 2D is simply connected if no simply closed curve in
S encloses points that are not in S. Informally, a connected set S is simply connected if
it has no holes.

A connected set with one or more holes is said to be multiply connected.

r(a)

: \ @) /\(b G
r(b) r(a) r(a) = r(b) @ '

Not simple and Closed but Simple but Simple and Simply Multiply
not closed not simple not closed closed connected connected
Figure 29.6:

Theorem 29.9 (Conservative field test). If f(x, y) and g(x, y) are continuous and have
continuous first partial derivatives on some open region D, and if the vector field

F(x,y) = f(x, p)i+gx )]

is conservative on D, then

of _o8

= 29.1
0y Ox (29-D

at each point in D. Conversely, if D is simply connected and Equation 29.1 holds at
each point in D, then

F(x,y) = f(x,))i+g(x,))]

is conservative.

Example 29.5. Determine whether F(x, y) = (y + x) i+ (y—x) f is conservative or not.
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Figure 29.7: Vector field F(x, y) = (y + x) i+ (y— x)f.

Solution. Let f(x,y) = y+xand g(x,y) = y— x. Then,

or _ o8 _

1 and -1
oy O0x
o dg _of . .
Thus, there are no points in the x y—plane at i 5 Hence, F is not a conservative
field on any open set. O

Example 29.6. LetF(x,y) = e’i+ xeY j denote a force field in the xy—plane.
1. Verify that the force field F is conservative on the entire x y—plane.

2. Find the work done by the field on a particle that moves from (1,0) to (—1,0) along
the semicircular path C.

Solution.

1. For a given field, we have f(x, y) = ¢¥ and g(x, y) = xe’. Thus,
0 0
a(ey) = eya(xey)

and hence F is conservative on the entire x y—plane.

2. W= [ F-dr= | e’dx+ xe’dy. However, taking advantage of the fact that the
C
field is conservative and the integral is independent of path. Thus, we write
(-1,0)
W= e¥dx+xeYdy=¢(—1,0)—p(1,0)
1,0

we can find ¢ by integrating either of the equations

3

—L =¢Y and = xe’.

0x

We will integrate the first one. We obtain

(/J:/eydxzxe)’+k(y).
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Differentiating this equation with respect to y and using the second equation
yields

0
6_(;: =xe’ +k'(y) = xe’
from which it follows that k'(y) = 0 or k(y) = K. Thus,
$p=xe’+K

and hence
W =¢(-1,0)-p(1,0) = (-1)e’ —1e° = -2,
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